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Theory and Simulation of the Successive Phase 
Transitions of Chiral Smectics 

TOMONORI KODAa and HATSUO KIMURAb 

aDepartment of Materials Science and Engineering, Faculty of Engineering, 
Yamagata University, Jonan 4-34 6, Yonezawa 992-8510, JAPAN and bDepart- 
ment of Applied Physics and Chemistry, Fukui University of Technology. Gakuen 

3-61. Fukui 910-8505, JAPAN 

We propose a molecular theoretical model free energy which enables us to discuss the succes- 
sive phase transitions of chiral smectics. Monte Carlo simulation combined with the free 
energy is also performed in order to examine the structure described by our model. 

Keywords: chiral smectic; phase transitions; Monte Carlo simulation 

INTRODUCTION 

[ 18171673 
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of molecular tilt is taken into consideration. At the end of this paper we 
show results of Monte ('ado (.MC) simulation to  show the behavior of the 
present model. 

MODEL AND FREE ENERGY 

Free energy and model density structure 
There is t.lie general form of the free energy for niolecular syst.enisI6]. -41 
t.he second viria.l a.pproxiniat ion. whirh is eqiiivalent 1.0 t tie mean field 
ai)i)roxiii~at,i~ii. we I iaw 

F / / , , ~ T  = . v ~ ~ ( I ' )  + J / c ~ r c ~ n ~ ( r . ~ ) ~ n  P ( r ,  0) 

- i~~~~r' i iR'drdRP(r' .R' )P(r .R)b(R' . sa .r ' -  2 r )  , ( 1 )  

wliere kB is Bolt,zmann const.ant. P ( r .  0) density of nioleciiles at posit.ioii 
T with dirwtion 0. !Y the n i i n i l t e r  of nioleciiles i n  the systt-ni. :I( 7') ttir 
c.oiitriI,rition of kinetic energy. and b( a', R.+' - T )  is the Xfayer fiiiict.iori. 

l o  desrril)e t.hc layer st rrict.rire of t.he sriiect ic. we assiinic 

wliere we take z-ilirertion along tlie layer iiornial, 1' is t.he systeiii voliinie. 

14' the tliic4inrss of a sitiectic layer. L is t.hr layer periodicity wliich is 
relat.ed t o  t h e  z-coniponent of the center of t l i e  j-tli layer. I ) \  :,+I = 
z ,  + I,. and I , - , (  0) is the distrilnition of the iiiolecriles with direction R 
i n  t l i e  ,j-tli laver. For the prrscnt stuclv R is a iinit vector whic-h poiiits 
froni tlir tail to t I i c  head o f  t l i r  niolerrile along the iiiolecular long axis. 

Eqs. ( 1 )  and ( 2 )  giw 

"4 . 
F'/A.RT = i i ~ J i i R i . , ( R ) l ~ ~ i , , ( R )  

, = I  
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THEORY AND SIMULATION OF CHIRAL SMECTICS [ 18 19]/575 

where II is the number of molerules per layer, ez the layer normal which 
points t,o 2-direction as a unit vector. In deriving Eq. ( 3 ) ,  we have 
neglected terms which do not, depend on {1+3(0)}. The J in Eq. (3) 
is given as a int,egrat.ion of the Mayer funrtiori. The ./(f2‘, n.e,,j - k )  
describe the energet i t  contrihiit ion between a inolecule in  the ,j-th layer 
with ctirert.ioii a’ and a molecule in t.he k-th layer with dirrrtion 0. 
Tlien J(  a‘. S2, e,, 1)  desrriLe the nearest neighbor int,erlayer interaction, 
and .I(  a’, n, e,, 0) t,he int,ralayer interactiori. Because we assume that 
t.hr molerular potential is short-range, only the rases ( j  - k (  = 1 and 
1.j - A.1 = 0 a1)pea.r in the expression of Eq. (3) .  

The Mayer fuiic.t ioii can be split into 

h(f?’,n.r’-r) = bh(n’.n.r‘-r) +b,(n’,n.r’-r), ( 4 )  

wlierr is t.lir coiitribution of hard core int,eract,ion and 6, of att,ractive 
interarliorilg]. Hwce J is also split int,o hart1 core part Jh and attractive 
part Ja as 

./( Gt’, 0. e, . .j - k ) = ./h ( n’. n, e: j - k ) + .la( 0’. n, e : j - k ) . ( 5 )  

Expression of ./h 

In  Figure 1 t.he n is denot.ed by arrow f i x 4  at the head of a rod-like 
~iioleciile. .4s Figure 1 describes, iiiolecular tilt is determined by tilt, angle 
B and azimut,hal angle @. Figure 1 also shows t.hat, the 0 can flip-flop 
without rlianging the t.ilt of molerular long axis. We assume for tlie present 
study tha t  the t i l t  angle 19 is ronst.ant t.hrorigliout the system. 

liiiowing the expression for t.he hard core part of the Mayer function: 

( 6 )  1 0 otherwise. 

wt’ can have iiiiiiif-riral est iiiiat ioii of ./h for given slialw of  niolerules. 
.\ssiimiiig that the nioleritlar shape is the splieroc-ylinder. we have 
wiifiriiirtl iiriinrrirally that when the tilt angle B is small. the . lh  is 
approxiiiiatecl as 

- 1 if tlie moltwiles int,ersect. 
g( n‘. 0. r’ - r )  = 
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Z z 

X X 

FIGI‘RE I 
the same tilt 0 and azimuthal angle UJ. 

Two different niolecular directions having 

When we take typical experimental \~alues131 0 - 15”. L - 34.4 arid :V/E. - 
1.2 x 10”.4 with  assiiniptiorr U’ - 0 and assume that the diameter and the 
length of representing spherorylinders are, respectively, - .5.4 and - 40.4, 
we haw estiiiiations 

Expression of J., 
W e  assunie 

Ja(f2’.f2,e,.0) = 0. 

for simplicity. Thus the iiitralayrr attractive force is neglected from our 
foriiiiilat ion. 

We know that  .I, is a function of three vectors f2’. S2 aiid e,. There is 
a n  expression of R scalar in terms-of romplrte orthogonal set of functions 
whir11 are desrrilwd by tlir combillations of tlirce vertorsiq. W e  pirk 
iip from the c.sprcssion the lowest order temis which are rieeded for the 
drsrript ion of t I i c  successive tramsitioiis. l’lieii we propose 

./,,(f?‘. S2.e:. I )  = c4 {n’ . e ,  - 0. e, + :j(n’. R)(n’.e,  - S2 .e=]}  

+ Eg [qn’ * - 1) . (12) 
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H-lT FIT M H  AHT A m  A H H  

FICI'HE 2 
pair niolerules. 

Six types of nearest rieighhor interlayer 

wlierr f 4  arid ts are t,lie iiitrnsive paraiiieters which control t h e  pha.se 
transit  ioiis. 

In o i ~ r  prwioiis s t i~di rs ["~l ,  we have assur~~e.d that moleriilar tilt 
tlirectiori is restricted onto ,yz-plane. I n  siich case we have six types of 

neighhoring int,erlayer pair niolcriiles sliowii iri Figurr 2. The types of 
1)air ~iiolec~i i lrs  in Figure 2 are denoted Ijy three rapital  letters, FHT. FTT. 
FAH. and so on. The F s tands  for ferroelrrtric by whirh we nieaii t he  long 
axes of  the pair iiiolrc.iiles are parallel t,o each other. wliile the .A starids for 
aiitiferrot.lect.ric. by wtiicli we iiieaii t he  long axes tilt in clirrct.ions whic-ti 
a r e  opposite 1.0 ea.rli ot.lier. 

Let us de1iot.e energetic ront,ribritiori .I of such types of pairs as 
.I( FH'I'). J(FTT). etc. We define a parameter E as 

1 
1 

5 = - { [ . I (  F H H )  - . I (  F T T ) ]  - [*I( .?N If)  - J (  . 4 T T ) ] }  . ( 1 9 )  

Tlie t l i ~ o i v  o f  Yaniasliita Iiave indicated that the existence of the 
siicccssivc pliase transitions steins from E # O f 5 ] .  The first t e rm with 
f4 of  tl ic'  right liaiitl sidr of Eq. (12 )  is thr lowest order teriii which give 
iioii-zero I i i i  the  roiiiplrtc. w t  . 

IVe defiiie anot tier paranic3tc.i v 1)y 
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whicl~ describe the energy difference betweeti ant iftwoelect ric ordering and 

ferroelt~t riv ordering of neighboring layers. When Y > 0 ferroelectrir 
or(1rriitg of neighboring layers is more favorat)le than the ant iferroelectric 
on(*. wllilr when v < 0 antiferroelt~ctric one is favorable. For the. prtwlit 
casr wi th  miistatit B. the v aiid E are relate-cl to :4 and f5 with eqiiatioris 

(1.5) 

( 1 6 )  

1, = /ilk sir1 B + :~i; [cos' 20 - I . I 
5 = : i t , ( ]  - c o s ~ ~ ) e o s o .  

RESULTS OF MC SIMULATION 

w Iiave perforttic4 the niraii fidd M' siriii.tlatioll["]. 111 Eq. ( 17) Iz,k is 
tlir clirrrt ion of t l it-  I.-th niolrc.tilc in the .j-t I1 1ayc.r. 

For the prrsrrit siniulat.ioii wr have set t lie iriiiiiher of layrrs as 111 = 
12 which intliws Iicriodic bowidary condition. aid w e  set the niiiiiber of 
~iioleciilrs per layer as I I  = 100. Metropolis !.rials arc ilia& t,o iiiove the 
molecitlar coordinate a,,, calculat iiig the increase of t Iir frw eiiergy of 
Eq. ( 3 )  with the expression of Jh and .I, giveii in  tlir foregoing sectioii. 
The trials are made tinder the assumptiou t.liat t l i r  tilt angle B is const.aiit. 
I i i i t  t h y  iitchdr flip-flop of a niolrci~lt- along its long axis. 

Hrsults of Figiircs 3 atid 3 arc obtaiiiecl aft.er rach niolec-idar c-oorciiiiatt. 
is tried t o  i i iovt~ 2 x 10' tiincs. Figiirr 3 sliows ol>taiiied i i~ole~~i i tar  tiiliiilier 

clistrilmtioir iii aziriiiitlial angle o of tlir forth atid tlic. tiftli layrr uiider tlir 
cwnilitioii I /  = -0.1.5 a i d  E = -0.5. 

Froiii tlir siiiitilatioii we ca.n calcttlat.rrl c,,. tlir ('-dirrctor of t l w  .j-th 
layvr. Defining the iioriiialized ('-director of tlir j - 1 1 1  layer by u, = c,/lc,l. 

\vr ohtaiii wliidi is given by 

(IS) 
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FI(:I'HE 9 Two Iiistograiiis in left hand side slior 
niolevular iiiiiiil)er distrihtioii iii azimut ltal aiiglr 0. 

Dirrctioiis of the unit ('-director of lavers view4 froni 
z-axis are shown by cirrlrs iri the right hand side figiire. 

0 c tn c 1 for the ~ t i h p l ~ ~ ~ .  The plol in the right haricl side of Figure 3 
sliows tlir distribiit ion of 11, viewrcl froni :-axis. 

N'v have prrforiiitrl the ll(' siiniila t ion for varioiiu values of v with t = 
-(I..?. Thr is ol)taiiiml froiii the final statr  of each simiilzrtion. Figure 1 
suinniarirt. the resiilts. The calculatd q~ slimvs a type of strircaw which 
is sinlilar to tlir siiccrssiw tmnsitions. However the final state depends 
Iwth 011 the iiiil ial tnuditioii of the systeiii aid random iiiiiliber .Wqiieuw 
produced uiider siiiiulation. 

CONCLUDING REMARKS 

\Vr liavr givtw t lie appro>xiiiial rd arid assiinirci forms of .Ih and J. wbicli 
ibtrriiiiiit* t l i v  exprrssioii of the frtp 1-nergy. 

Tlir state ol)tained aftrr tlic sinidation depends on the initial 
c-oiiclitioiis. 'Illis indicates the rsistenw of iiietitstable states for the 
pivsriit iiiodel systeiii. W e  have iiot comparrd the frt-e mierg?. to determine 
which one is the most stalh. 

Our resiilts sliow a siiiiilarity with rxlwriiiicnts iii that tlw average 
clirectioii of aioltrii lar tilts are aliiicst in o w  plaiir as Figure 3 rlio~ws. 
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1 .o 
0.8 

0.6 

0.2 

0.0 
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 

v 

FIGI’RE 3 Depeiiderrce on v of obtained qT with 
- -O.:i. The levels of rational 5 / 6 ,  2/3, 1 /2  arid 

I/:] are indicated by dotted line. (‘ircles: tinal valiitbs of 
siniiilatioris starting with the Sni4” state. Triangles: 
filial valiies of siriiiilatioiis starting with the SIti-(‘i. 
Thick lilies help iis to see the plots. 

- -  
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